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ON THE CANONICAL REPRESENTATIVES OF A FINITE WEYL GROUP 


SEAN ROSTAMI 


Abstract. Let K be a field and G a split connected reductive affine algebraic 
-group. Let T c G be a split maximal torus, 14^0 its finite Weyl group, and <I> 
its root system. After fixing a realization of $ in G and choosing a simple system 
Ac#, one gets a section Mo of the canonical map Nc(T){K) Wo, whose 
images are called the Canonical Representatives. It is well-known that Mo is rarely 
a group homomorphism, and it is necessary for some questions to understand and 
quantify this failure. Various new formulas are given which constitute progress in 
this direction. An application of such formulas to the simple supercuspidals of 
Gross-Reeder and Reeder-Yu is provided. It seems that more can be said about 
Mo, and this will be pursued in subsequent work. 
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Introduction 


Motivation and Resuits. Fix a field K. Let G be a split connected reductive affine 
algebraic AT-group and T c G a split maximal torus with normalizer Ng{T) and 
finite Weyl group Wo = Ng{T){K)/T{K). Let $ be the root system of G relative 
to T. 

For both computational and theoretical purposes, it is frequently necessary to 
work with representatives in Ng{T){K) of Wo. A natural example of such a pur¬ 
pose, to determine Bushnell-Kutzko types for certain supercuspidal representa¬ 
tions of G{K) when K is p-adic, is given below. For an example from Lie Groups, 
the algorithmic construction and classification of strong real forms, see IdCOSl 

It is frequently impossible to find a system of representatives for Wo which forms 
a subgroup of Ng{T){K), i.e. to find a homomorphic section to the canonical map 
Ng{T){K) Wo. This can be seen already for G = SL(2) with T the diagonal 
torus (if char(A:) 2), but the failure can also occur for adjoint groups. 
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However, given a sufficiently nice parameterization of G (in technical terms, a 
“based realization of in G”), which always exists, a well-behaved system of rep¬ 
resentatives may be defined uniformly. These are called the Canonical Represen¬ 
tatives and the resulting section of No{T){K) Wo, usually non-homomorphic, 
is denoted ATo. It is desired to understand these representatives as much as pos¬ 
sible, especially to understand and quantify the failure of Afo to be a group homo¬ 
morphism. 

There is a clean, although not “closed-form”, description of the obstruction: 
Result 113.1.21 . Fix a simple system A c <i> and tef n c be the corresponding 
positive system. Ifu,v e Wo andT{u,v) = {6 e n | v{b) e -n,M(i)(6)) e n} then 

Afo{u) ■ J\fo{v) = J\fo{u ■ v) ■ ^^(-1) 

bGJ^{u,v) 

Remark. It is perhaps worth mentioning that, in addition to standard universal facts 
about Coxeter groups, the previous result depends only on two special properties 
of Afo, which I isolate here for convenience of the reader: (1) If s is a simple 
reflection corresponding to a e A then A/'o(s)^ = a'^(-l), and (2) Afo{u ■ v) = 
No(u) ■ Afo{v) whenever f{u ■ v) = i{u) i{v), where £ is the length function for A. 

If one is concerned only with the action of Afo{w) on the root subgroups Ua 
(a G $), or if one is content to ignore the center Z{G) for some other reason, then 
the question becomes more numerical: 

The element Afo{u ■ Afo{u) ■ Afoiv) gT{K) is, as an automorphism 
ofUa, the scalar forF^^^ = Ebe.F(«.^)( 

The “diagonal obstruction”, F{w,w) is especially important, as it describes the 
difference between Afo{w)‘^ and Afo{w'^). The following general formula is not diffi¬ 
cult to prove: 

Result 113.2.1 1 . Let C{w) = {6 g n | w{b) g -n}, and recall that #C{w) is the 
length ofw relative to A. 

Ifw G Wo and a G <i> then 

(a, = Ht(a) — Ht(w(a)) 

bGC{w) 

where Ht: <& -s- Z /s the height function J2i ^ f^)- 

Read alternatively, the formula expresses Y.bec{w) ^ linear combination 

of p and for/5 = s/'nce Ht( ) = ( ,p). 

If |w| < 2 then this formula is a special case of the diagonal obstruction since, 
in this case, F{w,w) = C{w). 

If |w;| > 2 then a similar but significantly more complicated formula can be given 
in an important special case, and likely many other analogous cases: 

Result 113.3.1 Oil . LetW be the extended affine Weyigroup of G relative to T, which 
has Wo as a quotient. Let pr^ : tT ^ Wo be the obvious projection and letQ cW 
be the stabilizer of the fundamental alcove corresponding to A. 

Ifw G pro(ri) and |w| > 3 then, for alia G 

h- (a, = n • [Ht(a) — 2 ■ Ht(w(a))-I-Ht(w^(a))] 

bGJ-{w,w) 
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where h is the Coxeter Number of $ and n is the size of the fibers of a certain 
projection map (the detaiis of this projection map are expiained in ^3.31 ). 

Read aiternativeiy, the formuia expresses J2ber{w w) ^ iinear combination 

of p, w~^{p), w~‘^{p). 

One application of such formulas is to the topic of “simple supercuspidals” of G, 
which is described next. Assume now that AT is a p-adic field and denote by C the 
field of complex numbers. 

For (almost-)simple and simply-connected split G, fORfOl introduces a special 
kind of supercuspidal representation of G{K), called a simpie supercuspidai. Let 
X c G{K) be the Iwahori subgroup fixing the alcove corresponding to A and let 
U <z I be its pro-unipotent radical. Simple supercuspidals are constructed very 
concretely by building a character x '■ U ■ Z{G) C^, called an affine generic 
character, and compactly inducing x to G{K). Such representations have arith¬ 
metic importance that is explained in more detail by IGR101 . 

The idea of fGRIOl is extended by |RY14] via the notion of a stabie functionai, 
which is a suitably generic linear functional A on a certain finite-dimensional k- 
vector space V coming from the Moy-Prasad filtration at a point x in the Bruhat- 
Tits building of G. There are multiple senses in which IRY141 is a generalization of 
[GR101 : the group is allowed to be semisimple, it is only required that G splits over 
a tamely-ramified extension of K, and the inducing subgroup is no longer requirecQ 
to come from an Iwahori subgroup. If A is such a functional then IRY141 composes 
A with an additive character fc -> and compactly induces the resulting V -s- 
to get a representation tt. The representation tt splits into a direct sum of 
irreducible representations which are supercuspidal and, by construction, satisfy 
the authors’ definition of epipeiagic. Each of these irreducibles is known to be 
compactly induced from the subgroup Fix(A) c G{K) that fixes A, and so it is 
worthwhile to understand this fixing subgroup. 

Now, assume that A is such that the resul ting V - » is an affine generic char¬ 
acter (this is a situation more general than (GR101 but less general than |RY141 ). 
It is clear that Z{G),U c Fix(A). However, there are g G G{K) which stabilize 21 
(and which therefore fix x and operate on the domain V of A) but for which g ^X. 
It turns out that there are very special representatives in G{K) of each of these 
elements which indeed fix A: 

Result 115.4.8115. 5.1 ll5.5.2li . There is a sections of the canonicai map Ng{T){K) 

W such that S{Q) c Fix(A). Further, Fix(A) factors as Fix(A) = S{Q\) ■ Zc-U 
where Z^ is the maximai compact subgroup of Z{G){K). Finaiiy, Fix(A) is open 
and compact-mod-center and its unique maximai compact subgroup J has the 
factorization J = 3(ritor) -Zc-U, for Liter c Fl the torsion subgroup. 

There various natural ways in which all the results above might be generalized, 
and I hope to pursue this in a subsequent work. 

Outline. In (JU I merely set some notation/hypotheses and recall some standard 
notions. In I supply the usual definitions of the Canonical Representatives and 
their most important properties for the convenience of the reader. The longest of 
the sections, [13] contains all of the general formulas regarding the failure of the 

^ In retrospect, the situation of IRY141 specializes mostly to the situation of IGR10I when x is chosen 
to be the barycenter of an alcove. 
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Canonical Section to be homomorphic. The general theme here is that this failure 
can be expressed by certain linear functionals F -!> R on the root space and, 
surprisingly, these functionals turn out to be very special linear combinations of 
VFo-orbits of the height function Ht : F -5> R. The precise form of these linear 
combinations is dictated by the fine additive structure of the root system $. In iQl 
I introduce some easy cohomological objects and lemmas that will be convenient 
for the application to simple supercuspidals. Finally, in jj5] I use the material from 
previous sections to give the above description of Fix(A). This can be divided 
roughly into three parts. The first part is to show that the good section S exists in 
the case that G is essentially adjoint-nearly all of the difficulty here is related to 
the Canonical Representatives. The second part is to “lift” the S to more general 
G from the adjoint quotient Gad-nearly all of the difficulty here is related to the 
connecting map d in the long exact sequence of Galois cohomology coming from 
1 ^ Z{G) ^ G ^ Gad 1- The third part is a straightforward argument showing 
that S{fl) together with some obvious contributions exhausts Fix(A). 

Acknowledgements. I thank Moshe Adrian for introducing me to the topic of 
epipelagic representations, which is what eventually led me to study the Canoni¬ 
cal Representatives, and for many good conversations about the subject. I thank 
Nathan Clement for explaining the Flilbert-Mumford Criterion to me, which allowed 
me to perform the calculations needed in my ongoing attempt to generalize the 
above results. I thank Daniel Sage and Christopher Bremer for their suggestions 
following a talk at Louisiana State University. I thank Jeff Adams and Paul Ter- 
williger for their interest and comments on earlier versions of some of the results 
below. Finally, the magma software package was used to investigate many things 
during the resolutions of the above questions. 


1. General Notation AND FIypotheses 

Let N be the monoid of natural numbers. Let Z be the ring of integers. Let 
R be the field of real numbers. If S' is a set then #S denotes the cardinality of 
S. If / : S S is a function and T c S then / “stabilizes” (resp. “fixes”) T iff 
fit) e T (resp. f{t) = t) for all t e T. If F is a group then its identity element is 
denoted Ir. The subgroup of g G F for which there exists n g N, n ^ 0 such that 
5” = Ir is denoted Ftor, the torsion subgroup. If g G Ftor then the minimal such n 
is denoted \g\, the order of g. Denote by Ga and Gm the usual Z-group functors 
that assign to each commutative ring R the groups R and R^ . Similarly, if n g N, 
n ^ 0 then /x„ is the functor that assigns to each commutative ring R the group 

{r^RX I r" = lfl}. 

Let a: be a non-archimedean local field, and assume that char(A:) = 0. Let G 
be a split connected reductive affine algebraic AT-group. Let T c G be a maximal 
torus that is AT-split. Let Z(G) be the center of G, set Gad = G/Z(G) (the adjoint 
quotient), and let Tad c Gad be the image of T, a AT-split maximal torus in Gad- 
Let X*iT) and X*(T) be, respectively, the character group and cocharacter group 
of T. Let ( , ) : X*iT) X X*(r) Z be the natural pairing. Sometimes X*(r) 
and X*(T) will be abbreviated to X and X'^ . Similarly, X*(Tad) and X*(Tad) will 
sometimes be abbreviated to Xad and Let Ng{T) be the normalizer of T and 
set Wo = NGiT){K)/T{K), the finite Weyl group of G relative to T. 
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Let c X be the root system of G relative to T. Assume that $ is irreducible, 
i.e. that Gad is (almost-)simple. Let V be the R-vector space spanned by $ in 
X (giz R and Q c F the root lattice. Similarly, let V* be the dual space of V, let 
^ y* |3g t|-|g coroot system, and let Q'^ c V* be the coroot lattice. If a e $ 
then denote by e the corresponding coroot. The action of Wo on V* is the 
customary dual action w{v*) = v* o w~^, the pairing ( , ) is clearly LLo-invariant, 
and w{ay = w{a'^) for all a e $. 

In ^it will be necessary, for a, & e $, to consider the “a-string through 6 ” (Propo¬ 
sition 9 Ch VI §1 no. 3 |Bou02l ): 

The set of alii eZ for which b + ia e ^ is precisely [-q,p\ f^Z 
for some p, g e N which necessarily satisfy (a, b'^) = q- p. 

Let h be the Coxeter Number of Wo. Fix a simple system A c $ and let 11 c $ 
be the corresponding positive system. I abuse notation and use the symbol A 
also to denote the generating set of Wo. The statement “a e Lt” (resp. “a e -Lt”) 
is sometimes abbreviated to “a > 0” (resp. “a < 0”). Let £ : FFo -)• N be the 
length function relative to A. For w G Wo, define C{w) = {a > 0 | w(a) < 0}, 
i.e. C{w) = n n w“^(n). Recall that £{w) = ^C{w). Let Ht : $ Z be the 

height function relative to A, i.e. if & = miai H - h m„a„ for ai,..., g A then 

Ht(&) = mi H - h m„. Denote by r? the Highest Root, relative to A. Finally, set 

P=\ I]aen recall that Ht(&) = ( 6 , p) (Corollary Ch VI §1 no. 10 lBou02l ). 

Let Tc c T{K) be the unique maximal compact open subgroup and define 
W = Ng{T){K)/Tc, the extended affine Weyl group of G relative to T. Inside the 
Bruhat-Tits building Sad of Gad, fix an origin in the apartment for Tad and let 21 
be the alcove at the origin corresponding to the simple system A. Via the quotient 
map G{K) Gad(Tr), G{K) acts on Sad and W acts on the apartment for Tad. Let 
Waff c VF be the affine Weyl group and let Li c FF be the subgroup that stabilizes 
2t. It is standard that FF = FFag xi Li and, on the other hand, that FF = xi FFo. 
Let pr^ : FT FFo be the projection, which will frequently be applied to Li. The 
alcove 2t gives FFaff the structure of a Coxeter group: the union of the reflections in 
A together with the reflection across the nullspace of 1 - 77 is a Coxeter generating 
set Aaff. I abuse notation and also use Aaff to denote A u {1 - ??}. It will also 
be convenient to set A = A u {-r?}, the “gradients” of Aaff. Denote by b g 2t 
the barycenter, which is the unique point at which the value a(b) is independent of 
a G Aaff. It is clear from the definitions that Li permutes Aa® and therefore fixes b. 

Denote by Liad the object for Gad that is analogous to Li, i.e. the stabilizer of 
2t in the extended affine Weyl group of Gad relative to Tad. It can be proved that 
if cr G FFo permutes A then cr = pro(a;) for some w G Liad. There is a canonical 
group homomorphism Li Liad which is compatible with the actions of G{K) and 
Gad(Tr) on the Bruhat-Tits building of Gad, and the image of w G Li in Liad will be 
denoted by Wad. 

Finally, consider the following two Liad-actions: 

• Via the isomorphism Liad ^ item (XII) of the Plates at the 

end of |Bou02l . Liad transforms the Affine Dynkin Diagram of $. 

• Via the projection pr^ : Liad -S' Wo, Liad permutes A. 
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It will be important to remember that, by Ch VI §4 no. 3 (Bou02| , the vertex set 
of the Affine Dynkin Diagram is precisely A and the induced permutation of the 
vertices by w e Oad is precisely the permutation of A by pro(w) e Wo. 

2. Realizations and Canonical Representatives 

For each a G $, denote by Ua c G the unique subgroup that is the image of an 
injective morphism Ga ^ G and on which T acts, in coordinates, via a. 

Recal0that a “realization of 4> in G” is a collection of isomorphisms Ua : Ga ^ 
Ua satisfying certain properties, including the property that for a G A the element 

dsf 

na = Ua(l) • u-a(-l)' Ma{l) G Ng{T){K) represents the generator Sa G Wo. 

Notation. For the rest of the paper, a realization {ua}ae$ of $ in G is fixed and Ua 
is defined as above for all a g A. 

Because the representatives Ua {a g A) satisf^ a “braid relation”, the element 
riai • • • nag G Ng(T){K) is the same for all reduced expressions w = si - ■ ■ se(si the 
reflection for m g A). Hence, one may extend the representatives to all elements 
of Wo by setting = na^--- nag for any/all reduced expressions w = si ■ ■ ■ se. 

Definition (Canonical Section). The section of the canonical map Ng{T){K) 

Wo defined by w n^, is called the Canonical Section and denoted J\fo : Wo ^ 
NGiT){K). 

Two key properties of TVo are: 

• A/'o(s)^ = for s the reflection corresponding to a G A. 

• If ilu ■ v) = i{u) + i{v) then J\fo{u ■ v) = No{u) ■ No{v). 

It is well-known that Mo is almost never a group homomorphism, but it is quite 
well-behaved nonetheless. The ultimate goal is to understand as much as possible 
the failure of Mo to be a group homomorphism. In homological terms, the goal is 
to understand as precisely as possible the 2-cocycle 

(1) WoxWo—^T{K) 

(m, v) I- > Mo{u ■ • Mo{u) ■ Mo{v) 

Definition. For each n g Ng{T){K), representing w g Wo, and a g $, conjugation 
by n is an isomorphism Ua ->• Uaj(a) which is, in realization-coordinates Gg Gg, 
a scalar. Define c(n,a) g to be this scalar. 

Since G is split, it is always possibleQto choose a realization of $ in G which is 
“as simple as possible”, which includes the following important property: 

c(n,a) = ±1 for all a G $ and if a,w{a) G A then c(n,a) = 1. 

Such a realization is called a “Chevalley Realization”. However, this will not be 
assumed until jg] 


^§8.1 [Spr98] 

^Proposition 9.3.2 [Spr98| 
"^Proposition 9.5.3 [Spr98| 
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3. Formulas FOR THE Cocycle 


3.1. General results. 

Lemma 3 . 1.1 (Exchange Property for Canonical Representatives). Fix w g Wo 
and a e A. Let s e Wo be the reflection fora. Assertion: lfi{w ■ s) < i{w) then 

Moiw) ■ A/’o(s) = Afo{w ■ s) ■ a^(—1) 

Proof Set n = i{w) and write w = si • • • for some st g A. By the Exchange 
Property for (IVo, A), there is i such that w = si • • • • Si+i ■ ■ - Sn ■ s. Since 

this is a reduced word for w, and since AAo is homomorphic on reduced words, 

Mo{w) = A/’o(si) • • -Afoisi-i) ■ Afo{si+i) ■ ■ -Afoisn) ■ Afois). Similarly, Afoiw ■ s) — 
Afoisi) ■ ■ • A/"o(si_i) • A/’o(si+i) ■ • -Moisn). Thus, J\fo{w) = Afoiu) ■ s) ■ A/’o(s). Since 
Afo has the property Afois)"^ = a'^(-l), the claim follows. □ 

Recall the following fac0 regarding Afo- 

Ifw^ = 1 thenAfo{wf = ]!«££(») 

It happens that a full generalization is possible with very little extra work: 
Definition (Flipping Set). Foru,v g Wo, 

J-{u,v) = {a > 0 I v(a) < 0,u(v(a}) > 0} 

Proposition 3 . 1.2 (Cocycle Formula). Foru,v g Wo, 

Afo{u) ■ Afo{v) = Afo{u ■ v) ■ a'^(— 1) 

This generalizes the previous fact since = 1 implies that J^{w, w) = C{w). 

Proof Let n = i{v) and write v = si ■ • ■ s„ for some Si G A. For each i, let ai 
be the simple root whose reflection is Si. For each i g {l,2,...,n} define 9i = 
s„ • ■ • Si+i{ai), and recal0that C{w) = {9i ,..., 9^}. To be clear, 9^ = a„. Define I 
to be the set of all i g {1,2,..., n} such that £(m • si ■ • ■ Si_i • Si) < £(m ■ si ■ • ■ s^-i). 
To be clear, lei if and only ifi{u • si) < i{u). Set Q = {9, \ i e /}. By repeated 
use of Lemma lXTTTI on Afoiu) ■ Afoiv) = Afoiu) ■ A/'o(si) ■ • ■ A/’o(s„), I conclude that 
Afoiu) ■ Afoiv) = Afoiu ■ v) ■ rieee ^'^(“1)- Therefore, the claim is 0 = Tiu, v). 

Let a G fFiu,v) be arbitrary. By definition of Fiu,v), there is i G {1,2,...,n} 
such that Si--- s„(a) G -Tt but Si+i • • • s„(a) G Ft. To be clear, it may happen that 
Snia) G -Ft, which is what is meant in the case that i = n. Since Si permutes 
IF \ {ai\, it must be true that s^+i • • • s„(a) = at and so a = • • • Si+iiai) = 9^. To 

be clear, in the case that i = n, the conclusion is that a = a„. To show that a g 0, 

I must show that £iu- si-- - Si_i • s^) < £iu - si-- - Si-i). This is equivalent to the 
statement that u- si--- s^-iia^) g -IF, which is immediate from the definitions: 

M • Si • • • s^-iiai) = -u - si--- Si_i • Si(ai) = -m ■ Si ■ • • s„(a) = -uivia)) G -IF 

This establishes that 0 d fFiu,v). 


^Exercise #12{e) Ch IX §4 |Bou051 
^Corollary 2 Ch VI §1 no. 6 IBou021 
^Lemma (b) §1.6 [Hum90| 
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Let 6* e 0 be arbitrary. Since 6* e n and v{0) e -11, I must show oniy that 
u{v{9)) e n. Let i e / be such that 9 = 9i. Note that 

u{v[9)) = u{v{sn ■ ■ ■ Si+i(ai))) = '“('Si • • • Sj(ai)) = -u{si • • • Sj_i(aj)) 

So, to show u{v{9)) e n, it is equivaient to show u{si • • • Si_i(Q;i)) g -II. This is 
equivaien0 to the statement that ^{u ■ si - ■ ■ s^-i ■ Si) < t{u ■ si - ■■ s^-i), which is 
true by definition of I. This estabiishes that 0 c J^{u, v). □ 

Example. Suppose u,v e A are distinct and iet g A be such that u{a) = -a 
and v{/3) = -/3. Since v permutes II \ {/?}, F{u,v) c {/?}. Since (3 ^ a and 
u permutes n \ {a}, u{l3) G Tt. Thus, u{v{f3)) = w(-/3) = -u{/3) G -Lt and 
therefore T{u,v) = 0. This is as expected since A/'o(u-z;) = A/'o(u)-A/'o('y) whenever 

£{u ■ v) = £{u) + £{v). 

The uitimate goai is to understand T{u,v) to the greatest extent possibie. How¬ 
ever, since the intersection of ker(a) for aii a G $ is Z(G), to understand the dif¬ 
ference between Afo{u ■ v) and Mo{u) • Afo{v) as eiements of Nc{T) is iargeiy the 
same as to understand, for aii a g $, the difference between the two isomorphisms 
Ua ^ Uu{v{a)) that they induce. For this reason, certain iinear functionais come 
into piay: 

Notation. = J2bej^{u,v)( 

According to Proposition 13.1.21 the difference between J\fo{u ■ v) and Mo{u) ■ 
Mo{v) on Ua is Therefore, the goai is iargeiy to understand the func- 

tionai Fu,v 

3.2. The flipping set for iteration of an element. Let w g Wo be arbitrary. 

Notation. F{w) = T{w,w) = {a > 0 | w{a) < 0,w'^{a) > 0}. Anaiogousiy, 

Note that this set describes the difference between A/'o(w^) and A/'o(w)^, i.e. it 
describes the restriction of the cocycie l(T} to the diagonai. 

Since £F{w) = £(w) whenever |w| < 2, the foiiowing can be considered a “first 
approximation” to the goai: 

Proposition 3.2.1 (Summation Formuia #1 ). For all w g Wo and all a g 

(a, 6^) = Ht(a) — Ht(w(a)) 

bGC{w) 

Observe that the weii-known fact (a, p) = Ht(a), for p=^ Z]a>o recovered 
from this by choosing w to be the Longest Eiement wq, since £(wo) = II and 

Ht(wo(a)) = — Ht(o). 

Proof. It foiiows from repeated use of Proposition 29(ii) Ch VI §1 no. 10 |Bou02l 
that w~''^{p) = p - J2eec{w)^'^- Recalling that {a,p) = Ht(a) and using Wo- 
invariance of the pairing finishes the proof. □ 


®Lemma (b) §1.6 [Hum90| 
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Remark. The above formula explains some numerical curiosities in the proof (by 
direct computation) of the Theorem from |Ros15b] ; see the proof of Corollary 

13.3.1 fl below. 

Here is an easy symmetry that will be useful later: 

Lemma 3 . 2.2 (Forward-Backward Symmetry). w'^{T{w)) = T{w~^) and so, for all 

a e Fw{w~^{a)) = F^-i(w(a)). 

Proof From the definition, F{w) = Tt n it;“^(-n) n L(;“^(n). Since injective func¬ 
tions distribute across intersections, applying to this yields w‘^{F{'w)) = ■u;^(n)n 
L(;(-n) n n = F{'w~^). This rearranges to wiFiw)) = 'w~^{F{w~^)). The sec¬ 
ond identity follows by summing (a, ) over these two latter sets and using Wo- 
invariance of the pairing. □ 

Recalling that £(w) = Tt n ■u;“^(-n), the following presentation of Fiw) high¬ 
lights the “recursive” nature of flipping sets: 

Lemma 3 . 2 . 3 . F{w) = C{w) n Ty“^(—£( l(;)). 

Proof C{w) n w~'^{-C{w)) is {a > 0 I w{a) < 0,w(a) € -£(w)}, which is the 
same as {a > 0 | w(aj < 0,-w(a) > 0,w(-w(a)) < 0 }, which is the same as 
{a > 0 I w(a) < 0, w{w{a)) > 0} = T{w). □ 

3.3. Explicit formulas for alcove-stabilizers. In the rest of |j3] namely this ^3.3! 
and g3.4l next. it is assumed that w e pro(Fi) and that Iwl > 3. Again, this latter 
assumption is justified because if |w| < 2 then J'(w) = C{w) and so Proposition 

13.2.1 I fFormula #1) applies. 

Lemma 3 . 3 . 1 . Ifujefl,a:= pro(a;), and O Is the uj-orbit of the simple affine root 
1-r], then \a\ = IwadI = #0. 

Proof It is obvious from the semidirect product that = 1 implies ct” = 1 . 
Conversely, if cr" = 1 then, by the semidirect product, s But stabilizes 
the alcove 21 and no translation can do this except translation by 0 , so cr" = 1 
implies = 1. This establishes the first equality. If N := then a;^(l - rj) = 
I - r] and therefore permutes A. This implies that fixes the origin, so 
F But only 1 e Wo can stabilize A so = 1 and therefore N = |wad|- □ 

Lemma 3 . 3 . 2 . Enumerate A = {ai, ..., ae} and write 77 = miai -\ -h mea^. Set 

ao := -V 3nd mo := 1 SO that J2i = 0- Assertion: Ifuj e Q and a := pro(w) 
then rrii = rrij whenever a {at) = Uj. 

Proof. I may assume that tr 7 ^ 1 , in which case Lemma l33n implies that there 
is 1 < j < ^ such that (T{aj) = -77. Applying a to = 0 . isolating 

mj(j{aj) = -rrijr], and dividing by m^ yields 77 = Since A is 

linearly-independent and a{ai) e A for all i ^ j, rm/mj e N for all i. Since mo = 1, 

it must then be true that ruj = 1 . Thus, miai - h meae = 77 = mia{ai) 

and comparison of the coefficients finishes the proof. □ 

Notation. Let R,S € Abe such that w{S) = R and w{R) = -77. 

Such R, S exist by Lemma lS^TI since | 7 x;| > 3. 

Notation. If 6 e $ and a e A then denote by be the a-coefficient of b when 
expressed using the basis A. 
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Corollary 3.3.3. ha, 6s e {-1, 0, 1} for all 6 e $. 

Proof By definition of “highest”, it suffices to prove the ciaim when b = ij, but this 
is immediate from Lemma l^.3.21 □ 


Example 3.3.4. Let G be the adjoint group D5, so SI = S7ad = Z/4Z. Foiiow- 
ing Piate IV |Bou02!| , enumerate A = {ai,a 2 ,a 2 ,,a 4 ,,a^} and depict any miai + 


771202 + + r774Q;4 + 777505 G in “Dynkin format” by 


mi m2 m3 m4 
ms 


From 


Piate IV (XII) [Bou02] , there is a generator w g pro(Li) whose permutation of A 


has the disjoint cycie decomposition (ai,a 4 ,-? 7 ,a 5 )(o 2 , 03 ). 
and R= ° ° j] ^ . 


Thus, 5 = lojjo 


It is important to observe that the existence of w g pro (SI) such that Iwl > 3 
forces $ to be simply-laced. The various equivaient expressions of what it means 
to be simpiy-iaced are compieteiy standard, but there does not seem to be a proof 
in print so I record one here: 


Lemma 3.3.5 (Simpiy-Laced). Recall that $ Is Irreducible and reduced. The fol¬ 
lowing three properties are equivalent: 

(1) The Dynkin Diagram of $ has no multiple bonds. 

(2) {a,b'^) G {-1,0,1} for all a, b G $ such that a ^ R • 6 . 

(3) The Cartan Matrix of $ Is symmetric. 

(4) ||a|| = || 6 || for all a, b G 4*. 

4> Is called “simply-laced” Iff It has any/all of these properties. 

Here || || denotes the norm defined by some fixed FFo-invariant inner product 
( I ) on y, which necessariiy satisfies (a, 6 ^) = 2(a|6)/(6|6) for aii a, 6 G <&. 


Proof @ Since (a, 6^) = 2(a|6)/(6|6) and (6, a'^) = 2(6|a)/(a|a), com¬ 

bining symmetry (a|6) = (6|a) with (|4) proves that (a, 6'^) = (6, a^) for aii a, 6 g 4>, 
which impiies ([3). If, further, a ^ R • 6 then the table in Ch VI §1 no. 3 lBou02l 
shows that -1, 0, 1 are the only possible values for (a, 6^). (|2) ^ (Q): This is triv¬ 
ial, since the number of bonds between vertices a, 6 g A is (a, 6^) • (6, a^). fl) 
Fix a,/3 G A. Suppose first that (a,/3^) ^ 0, i.e. that a,/3 are adjacent 
vertices in the Dynkin Diagram. By |[T), (q!,/ 3^) • (/3, a^) = 1, and so (q;,/3'^) = 
{13, a'^) = ±1. Symmetry (a|6) = (6|a) and the identities (a, 6^) = 2(a|6)/(6|6) and 
{b,a^) = 2(6|a)/(a|a) imply ||a|| = ||/3||. By traversing the (connected) Dynkin Di¬ 
agram, ||a|| is the same for all a g A. Call this common value L. Now suppose 
a G 4>. By Proposition 15 Ch VI §1 no. 5 |Bou02l . there is 77 ; G FFo such that 
7(;(a) G A. Since the norm is ITo'invariant, ||a|| = 11171 ( 0)11 = L. ® (0): By 

dD, (a, 6 ^) = ( 6 , 0 ^) for all a, 6 G A. If, further, a ^ b then o ^ R ■ 6 and so the 
table in Ch VI §1 no. 3 lBou02l shows that -1,0,1 are the only possible values for 
( 0 , 6 ^). □ 


Lemma 3.3.6. If p > 0 then w{P) < 0 If and only If Pn = 1. In fact, 

(1) 1/1 > 0 I wiP) > 0,w^{P) > 0} = 1/3 > 0 I = 0,^5 = 0} 

(2) 1/3 > 0 I w{p) > Q,w\P) < 0} = 1/3 > 0 I /37 j = 0,^5 = 1} 

(3) {/3 > 0 I w{P) < 0,w‘^{P) > 0} = {/3 > 0 I /3fl = l,/3s = 0} 

(4) {/3 > 0 I 77i(/3) < 0,ii;2(/3) < 0} = {/3 > 0 j /3fl = l,/3s = 1} 
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Proof. If /3 > 0 then Corollary [3. 3. 3l savs that Pr g {0, 1}. Since w(A \ {R}) c A, 
it is obvious that if = 0 then w{f3) > 0 stiii. Converseiy, if /S/j = 1 then it is 
ciear from the definition of “highest” and the fact that w{R) = -ry that wiP) < 0. 
This proves the first ciaim. It is aiso ciear from this that the vaiidity of l[T) and lH) 
wiii foiiow if it is proved, when Pr = 0, that /3s = 1 if and oniy if w^{P) < 0. But 
this is ciear from the first ciaim again, since if /3 _r = 0 then /3s = 1 if and oniy if 
w{P)r = 1. The vaiidity of (|3) and dD wiii foiiow if it is proved, when Pr = 1, that 
/3s = 1 if and oniy if w^(/3) < 0. First, notice that when Pr = 1, due to canceiiation, 
w{P)r = -1 if /3s = 0 and w{P)r = 0 if /3s = 1. By the same reasoning as in the 
beginning of the proof, if 6 < 0 then w{h) > 0 if and oniy if bR = -1. Thus, if ,8s: = 1 
then w{w{P)) > 0 if and oniy if /3s = 0. □ 

Notation. 

^o,o = {/3>0 I Pr = 0,Ps = 0} 

J-0,1 ={/3>0 I Pr = 0,Ps = 1} 

^i.o = {/3>0 I /3s = l,/3s = 0} 

{/3 > 0 I /3s = l,/3s = l} 

Note that, by Lemma l33?6] 

• {-Fo,o,-Tb,i, J'i,o,-Ti,i} is a partition ofn, 

• C{w) = LI -Ti,!, and 

• R{w) = 

It is aiso important to observe that each of these sets has an extremai eiement: 

• S' is the unique minimai eiement in Tb,i> 

• R is the unique minimai eiement in and 

• ?y is the unique maximai eiement in 

Example. If G is the adjoint group D5 and w is as in ExamDie l3.3.4l then 

77 _ /I 0 10 0 I 0 0 1 0 I I 0 0 0 0 I I 0 1 1 0 I I 0 0 1 0 I I 0 1 1 0 |\ 

-^0,0 — "i O’ 0’ 1> 0’ 1’ IJ 

7r„ , _ /I 1 0 0 0 1 1 0 0 I 1 1 1 0 I I 1 1 1 0 |\ 

-^0,1 — ^ I 0 I ’ I 0 | ; I 0 I ’ I 1 I 

77, „ _ /I 0 0 0 1 I 0 0 1 1 I I 0 1 1 1 I I 0 0 1 1 I 0 1 1 1 I I 0 1 2 1 |\ 

-^1,0 — ^ I 0 I ’ I 0 | ; I 0 I ’ I 1 I ’ I 1 I ’ I 1 I f 

-p _ /I 1 1 1 1 I I 1 1 1 1 I I 1 1 2 1 I I 1 2 2 1 ll 

-^1,1 “I 0 ’ 1 ’ 1 > 1 J 

Definition. Define 

'Er.S C j^o.l X T^l.o X 

to be the subset of aii (a,/ 3 , 7 ) such that a + ,8 = 7 . Define prg i.pr^ o,pri,i to be 
the projections 


Pro,i 

Ss.s — 

-T’ -Fo,i 

Prpo 

Sfi.S — 

-Ti.o 

Pri.i 

Sfi.S — 



Proposition 3.3.7 (Constant Fibers). All fibers In Ss,s ofpro i are the same size, 
all fibers In ^ same size, and all fibers In Es,s o^piT.i ®^® f/^® 

same size. 


/ 

0 10 0 


0 0 10 


0 0 0 0 

1 

0 

5 

0 

5 

1 


0 110 


0 0 10 


0 110 

1 

0 

5 

1 

5 

1 

J 


/ 

10 0 0 


110 0 


1110 


1110 

1 

0 

5 

0 

5 

0 


1 


0 0 0 1 


0 0 11 


0 111 


0 0 11 


0 111 


0 12 1 

1 

0 

5 

0 

5 

0 

5 

1 

5 

1 

5 

1 

J 


/ 

1111 


1111 


112 1 


12 2 1 

1 

0 

5 

1 

? 

1 

5 

1 

























































































12 


SEAN ROSTAMI 


Proof. The proof of this will be completed in ^3.4! after some corollaries are de¬ 
rived. □ 


Example. Let G be the adjoint group D5 and let w,R,S be as in Example [3. 3. 4I 
The following table expresses E^r^s' 



The sizes of the fibers are quickly deduced from this table. The fact that the fibers 
of prp 1 and of pr^ ^ are the same size (= 3), and that the three sizes sum to the 
Coxeter Number (= 8 ) is not a coincidence; see Theorem r3.3.1 Ol below. 


Example 3.3.8. Let G be the adjoint group E 6 . Following Plate V [Bou02| , enu¬ 
merate A = {ai, a2,03, <24, ci5j cTe} 3 nd depict any miai + 771202 + 777303 -I-777404 -I- 


7775 05-1-777606 G 4) in “Dynkin format” as 


mi m 3 m4 m5 me gy y [BOU02l . 


there is a generator w g pro(Li) = Z/3Z whose permutation o1 

A has disjoint cycle 

decomposition (ai,-?7,a6)(a3,a2,a5)(a4), so R = 

1 0 0 0 0 

0 

and S' = 0 0 0 0 1 

By computing a tabl^ as in the previous example, it 

s seen that the fibers of prp 4 , 


pr^ 0 , pri,i are all the same size (= 4). 


Notation. 'A' . 

Corollary 3.3.9. /fa,6,cGN are the sizes of the fibers of then 

aFo^i + bFi^o = cFi j 

Proof Because fibers of pr^ ^ are all the same size c, summing all a and all /3 for 
which (o, p,a + 13 ) G clearly yields cFi 4 . On the other hand, because fibers 
of pro 1 are the same size a and the fibers of pr^ g are the same size b, this sum is 
also clFq i -p bF\ Q. n 


The height function Ht : Z, and pullbacks of it by any element of Wo, extend 

to become elements of V*. In particular, Ht,Hto77;,Hto7(;2 g V*. It happens that 

Fyj G span(Ht, Ht ow, Ht ow'^) 

within V*; a much more precise version of this is next: 

Theorem 3.3.10 (Summation Formula #2). Ifa,b,c g N are as In Corollarv V3.3.^ 
then a + b + c = h (Coxeter Number), a = c, and 

h-F.uj{ ) = c-[Ht( )-2-Ht(77;( ))-I-Ht(7(;^( ))] 


®The table for E6 can be viewed by editing the .tex file and rebuilding the document. 
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Proof. Set Q = J2a>o ^ = 2/3, in previous notation) and recaii that 

2-Ht = ( , 0 ) 

Set q' = YjadCiw) conciude from the identity Ht - Ht ow = ( , g') 

fProposition 13.2.1 > that 

( , = 2 • Ht ow = ( ,g—2g') 


Finaiiy, note that w“^(£(w)) = {a e $ | w{a) > 0,w^(a) < 0}. Set g" = 




(C(w)) ' 


^ SO that w~^{g') = g” and therefore 

( ,w-^{g)) = 2-mow^ = { ,g-2g'-2g") 


Since the matrix sending g, g',g" to g,w~''^{g),w~'^{g) is trianguiar with non-zero 
diagonai, and since Fyj = { , Fi^), it suffices to show Fi^o e span(e, g', g") and to 
determine a iinear combination. 

Recaiiing the notation F^j = J2aej^i 


Q = Fofi + Fo,i + .^1,0 + F"i,i 
q ' = .^1,0 + F"i,i 
q" = Fq^i — Fi^o 

By Coroiiarv [3.3.91 = A ■ + B ■ Fi_o for A = a/c and B = hjc and so 

A y y f A 
c ■ g' — a ■ g” = {a + b + c) ■ Fi 0 


( 2 ) 


g' = A- Fo.i + (F + 1 ) ■ Fi,o. Thus, A . g' - g" = + 1 ). and so 


Using the identities ( ,e') = Ht-Htow and ( , g") = Htow - Htow^ inverse 
to those above, a preiiminary version of the desired iinear combination is obtained: 

(3) (a + 6 + c) ■ Fu, = c ■ Ht —(a + c) ■ Ht ow -|- o • Ht ow'^ 


Since S e Fo,i, the common size a of the fibers in S of prp 1 may be computed 
by asking how many 7 e Fi,i satisfy 7 - S' e <&. Equivaientiy, how many 7 e F 17 
satisfy S - 7 G <&. I ciaim that this number is simpiy (S, Fi^). Since is simpiy- 
iaced, (S, g {-1,0,1}. If p, 9 g N are maximai such that S + 17 G for aii 
-q <i <P then necessariiy p = 0 since S +7 ^ (S +7 has S-coefficient 2, which 

contradicts Coroiiarv r3.3.3t and g = 1 if and oniy if S -7 G $. Hence, a = (S, Fi 1 ). 
By©, 

(S, p') = {5,Fi,o) + (S,Fi,i) 

(S, g')=F^iS) + a 

Ht(S) - Ht(w(S)) = ^_^|^_^^ [cHt(S) - (a + c)Ht(w(S)) +aHt(u;2(S))] +a 

1 — 1 =-;- [c — (a + c) + a(l — h)] + a 

a + b + c 

0 = —ah + {a + b + c)a 
h = a + b + c 
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Using the known formula lO in two different ways, compute: 

Fw{w~^{R)) = i^u,(S') = -^[c • 1 - (a + c) • 1 + a • (1 - /i)] = -a 

F^-i{w{R)) = F^-i{-r]) = ^[c-{1 - h) - {a +c) ■ 1 + a -1] = -c 

By Lemma l3l2^ F^{w~^{R)) = F^-i{w{R)), as desired. □ 

Example. Let G be the adjoint group D5 and let w be as in Example 13.3.41 A 

formula for may be computed by brute-force and doing so yields F^{ ) = 

|■Ht( )-|-Ht(w( ))-I-1 •Ht(w^( )). The Coxeter Number for D5 is/i = 8 and, 
by the above table, (a, 6 , c) = (3,2,3). Thus, the predicted formula is 8 • F™( ) = 

3 • [Ht( ) - 2 ■ Ht(w( )) + Ht(ui^( ))], which agrees. 

Example. Let G be the adjoint group E 6 and let w be as in Example 13.3.81 A 

formula for may be computed by brute-force and doing so yields Fu,( ) = 

i-Ht( )-|-Ht(w( ))-l-i-Ht(w^( )). The Coxeter Number for E 6 is/i = 12 and, 
by Example 13.3.81 (a, 6 ,c) = (4,4,4). Thus, the predicted formula is 12 • Fi„( ) = 
4-[Ht( ) - 2 ■ Ht(w( ))-i-Ht(w^( ))], which agrees. 

The following fact, which has apparent significance for the comparison olMoiw)'^ 
with A/'o(w^), will be used later: 

Corollary 3.3.11. F.ui{R)&2Z 

Proof. Suppose first that Iwl = 2 . In this case Fiw) = C{w) and Formula #1 
fProposition 13.2.1 1 says F^{R) = I - {I - h) = h. This proves the claim in that 
case since the Coxeter Number h is even in “most” cases, including all cases 
currently considered (this is less obvious for type A, but still true ■.\w\=2 implies 2 
divides #llad = rank(<l') + 1 = h). Now suppose |w| > 3. Formula #2 (Theorem 
13.3.101 says h ■ F^^^R) = c[l - 2{1 - h) + 1] = 2 • c • fi, which implies the claim 
regardless of h. □ 

Example. In iRosISbl , it was necessary to calculate F^{R). The brute-force 
calculation there for type D and rank £ produced the number 2i - 4. For D5 
and w as in Example 15.3.41 the result is 6. By the formula above, h ■ F.ui{R) = 
3 • [Ht(F) - 2 Ht(-77 ) ^(-^(t?))] = 3 • [1 - 2(1 - /i) -M] = 3 • 2 • /i, as expected. 

Remark. The proof of Corollary [3.3.1 1 1 explains the curious event that the result 
of the brute-force calculations in IRosISbl was sometimes h (e.g. when G was 
adjoint E7). 

3.4. Proof of Proposition 13.3.71 To prove Proposition 13.3.71 I construct for each 
i,j bijections among the fibers of pr^ starting with pr^ ^ 

Lemma 3.4.1. Let 7 ', 7 e Fi,i be arbitrary and set a = 7 ' - 7 . Assume that 7 ' > 7 
and that a e $. Assertion: 

(1) If (a', /3', 7 ') e then exactly one of (a', a^), (/3', a^) Is 1, the other Is 
0, and there Is a canonical choice of F € {a', (3'} such that F - a 

(2) If (a, /3, 7 ) G then exactly one of {a, a'^), (/3, a^) Is -1, the other Is 0, 
and there Is a canonical choice ofiye{a,P} such that v + a 
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Proof. o Since a', 13' ^ a, due to the fact that all three come from different Tij, 
the last claim follows from the first two by Theorem 1(1) Ch VI §1 no. 3 [Bou02| : 
{v'> 0 and v' ^ a implies i/' - a G Thus, it suffices to prove the first two 
claims. Since = {a',a'^) + {l3',a'^) and the only possible two-term partitions 

of 1 by {-1,0,1} are 1 = H-O and 1 = 0+1 (recall that $ is simply-laced), it suffices 
to show merely that (7', a'^) = 1. Let p, 9 e N be maximal such that 7' + la g $ for 
all -q < i < P and set 7" := 7' +pa. By Proposition 9(iii) Ch VI §1 no. 3 (Bou02l , 
(7", a'^) = p + q. Since $ is simply-laced, p + q e {-1, 0 , 1 }. Since 7' - a = 7 g $, 
g > 1. It follows from all this that (p, g) = (0,1). By the same Proposition 9(iii) Ch 
VI §1 no. 3 tBou02| . (7', a^) = g - p = 1, as desired. @ The proof of this is nearly 
identical. □ 

Fix 7 , 7 ' G set a = 7 ' - 7 , and assume as before that a g n. By Lemma 
13.4.1 ll^ . if {a, 13,-/) G then it is true either that {a + a, 13,-/') G or that 
{a, /3 + a, -/') G and there is a canonical choice among these two possibilities. 

In other words, if the fibers of pr^ ^ over 7 and 7 ' are denoted f and f then 
Lemma l3ATll^ provides a function f f. 

Similarly, Lemma imUTli provides a function f -> f. 

Proposition 3.4.2. As above, let-/,-/' g be arbitrary such that-/' - 7 g n, 
and denote by f and f the fibers of over 7 and -/'. Assertion: The functions 
f f' and f -T- f from above are inverse. In particular, f and f are the same size. 

Proof Suppose {a', (3',-/') G Sfi,s. Reviewing the proof of Lemma 1^.4. 1 1 if a' 
happens to be the element v' g {a',f3'} such that {v', 0 ^) = 1 then the claim is 
that a := a' - a G 4) is the element v & {a' - a, 13} such that {v,ay) = -1. This 
is obvious by consideration of strings: the a-string through a' is a',a' - a and so 
the a-string through a must be a + a, a which means that {a, a'^) = -1. The proof 
when instead f3' is the element v' g {a', /3'} such that {v', a'^) = 1 is identical. This 
establishes that f -> f is a left-inverse to f f. That the other composite is the 
identity is proved in a nearly identical way. □ 

Corollary 3.4.3. For any-/ g the fiber of over-/ is the same size as the 
fiber of pi'l l overrj. 

Proof This follows by Induction on Ht( 7 ), with Base Case 7 = ??. For the Base 
Case, there is nothing to prove. Now, suppose ai,...,a„ g A (not necessarily 
distinct, n > 1) are such that r? - 7 = ai + ■ • ■ + a„. Necessarily, g Jb,o for 
all i. By Proposition 19 Ch VI §1 no. 6 IBou02l . it is possible to reorder the list 
7 , Qfi, ..., Un SO that each partial sum is in 4). Fix such an ordering Po,f3i,...,I3n. 
There are two cases: either /3o = 7 or /3o 7 . In the former case, /3o + I3i & ^ 

means that there is i such that 7 + g 4>. In the latter case, there is non-empty 
I c {1,..., n} such that F 4) and a* + 7 G 4>. In either case, there 

is a G n such that 7 ' 7 + a g 4) and necessarily Ht( 7 ') > Ht( 7 ). Thus, the 

hypotheses of Proposition 13.4.21 are satisfied for 7 ', 7 and so the size of the fiber 
over 7 is the same as the size of the fiber over 7 ', which is the same as the size of 
the fiber over 77 by the Induction Hypothesis. □ 

Nearly identical arguments prove that all fibers of prg ^ are the same size and 
that all fibers of pr^ q are the same size. I sketch this argument next, starting with 

prop- 
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Suppose (a, /3, 7 ) e S_r,s and a' g Jb,i is such that a' - a g n. By an argument 
similaiH to Lemma IH'.4.1lpn , there are canonical /3' G J^i.o and 7 ' G such 
that G S/j s. If the fibers of prp ^ over a and a' are denoted f and f 

then this yields a function f ^ f by (q!,/ 3 , 7 ) (a',/ 3 ', 7 ')- An argument similar 
to Lemma lSATH^ produces a function f f. An argument similar to Proposition 
l3.4.2l Droves that these two functions are inverse, hence that f and f are the same 
size. For arbitrary a G Jb,i, an Induction similar to that in Corollary [3.4.31 shows 
that the fiber of prp 1 over any a is the same size as the fiber of prp 1 over S. 

A nearly identical argument to that just given proves that all fibers of pi^ g are 
the same size. 

Remark. The fact that T^o.g-Ti.oi-Ti,! have extremal elements S,R,r] is valuable 
precisely for inductions like that in the proof of Corollary [3.4.31 

4. Dependence Relations and Characters 

Let £> be a Z-linear combination of elements of <&; formally, 

D = {(mi,ai),...,(TOfc,afc)} 

for distinct ai G $ and various mi g Z. Given such a D, one may use the scalars 
c{n,a) G from ig]to define a function 

CD : NGiT){K) ^ 

n I—c(n, • • • c(n, 

In such generality, this cd is not a very good function and probably not worth 
considering anyway. However, with additional hypotheses that are satisfied in prac¬ 
tice, an important function with good properties is gained: 

Definition. Let D be as above, w g Wo is said to “fix” D iff w stabilizes {oi,..., 0 ^} 
and mi = mj whenever w{ai) = aj. Such a is called a “dependence relation” iff 

TOiai + • ■ • + mfeCfe = 0. 

Clearly, the set of elements fixing a given D is a subgroup. 

Example 4.0.4. Let D be the relation mgao + miai + • • ■ + miae = 0 for A = 
{ai,..., ai}, Qfo := —Vy rno := I, rj = miai + • • • + miai. Since prj 3 (ri) C Wo is 
the subgroup permuting {ao,ai,... ,ae}, Lemma [3^2] implies that pro(D) is the 
subgroup fixing D. More generally, if is a minimal dependence relation and 
ui G Wo permutes the roots appearing in D then necessarily w fixes D. 

Lemma 4.0.5 (Restricts to Character). Let D be a dependence relation and let 
T c Wo be the subgroup fixing D. Assertion: cd factors through Wo (as merely a 
function) and the restriction cd\t is a group homomorphism. 

Proof If n G Ng{T){K) and t G T(K) then coint) = c{nt, ai)™i • • • c{nt, Cfc)'"'” = 
c(n,ai)™i ■ = coin) ■ Since D 

is a dependence relation, = 1 and the first claim follows. Thus, 

given n G Ng{T){K) representing w G Wo, denote by cd{w) this common element. 
For the second claim, note that c{w ■ w', a) = c(w, a) ■ c{w', w{a)) for all w, w' G Wo 
and a G 4>. If w fixes D and w{ai) = aj then mi = mj and so c{w ■ w' = 

was never important that the two given elements 7 , 7 ' belonged to 't important only 
that they belonged to the same different from Jb.o- 
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c(w,ai)'^' ■ c{w',aj)'^' = c{w,ai)^' ■ c{w',aj)^^ and taking the product for all i 
yields the second claim. □ 

Notation. From now on, if I? is a dependence relation then cd refers to the char¬ 
acter after restriction to the subgroup of Wo that fixes D. The dependence relation 
from Example |4]n3] will be called the “Flighest Root Relation”. 

Flere is a thoroughly underwhelming example: 

Example. If a e $ then it is standarcQ that c(A/’o(s), a) ■ c(A/'o(s), -a) = 1 for any 
s G A. Since c{nn',a) = c{n,w'{a)) ■ c{n',a) for n,n' G Nc{T){K) representing 
w, w' G Wo, applying the previous fact repeatedly yields that if D is the dependence 
relation -a + a = 0 then cd is trivial. 

A more substantive example, which will be critical for the application to simple 
supercuspidals, is the following: 

Proposition 4.0.6. If D Is the Highest Root Relation then cd : pro(Fi) Is 

the trivial character. 

Proof Fix w G pro(Fi). I may assume that the realization of $ in G is a Cheval- 
ley Realization, in which case c{Afo{w),a) = 1 whenever a,w{a) g A. By this 
and Lemma U.3.21 cd{w) = c{J\fo{w),R) ■ c{Afo{w),-ri). Since R,w^{R) G A, 
c{Afo{w'^),R) = 1 and so this is the scalar by which A/'o(w)^ acts on Ur. On the 
other hand. Proposition 13.1 .2l savs that this scalar is Corollary [3.3.1 1 1 

says that F^{R) is even, so cdIw) = 1 as desired. □ 

Here is a small example for which the character is non-trivial: 

Example. Let G be any (almost-)simple group of type B2, with A = {a, (3} and 
n = {a,/3, a -I- /3,2a + /3}. Abbreviate 7 := a -l- /3 and 2a -l- /3. Let s be 
the reflection corresponding to /3. Use the realization of $ from §33.4 IHum751 
and let n be the canonical representative of s. Let D be the dependence relation 
a -F 7 - 77 = 0 and note that s fixes D, since it exchanges a, 7 and fixes ry. However, 
cd{s) = c(n, a)-c{n, 7 )-c(n, r])~^ = - 1 , since the data in Proposition §33.4 IHum751 
says that c(n, a) = 1 , c(n, 7 ) = — 1 , c(n, rj) = 1 . 

Remark. The question of whether or not cd is trivial seems to be connected with 
the question of whether or not there are stable points in vector spaces coming 
from the Moy-Prasad filtrations at points in the Bruhat-Tits building. In more detail, 
choosing any point in the Bruhat-Tits building provides a certain fc-vector space V 
with an action by a certain fc-group. There is a notion of “stability” relative to this 
action, and if the point in the building is chosen to be the barycenter of a facet, 
then V may potentially contain stable vectors. This vector space V has a natural 
basis corresponding to certain elements of $, these basis roots are permuted 
(more or less) by certain elements w of Wo which stabilize the facet, and various 
dependence relations D hold among those basis roots. For some questions, it 
is necessary to ask if cd{w) = 1 for w fixing one of these D-, one example of 
such a question, with an affirmative answer, is given below as Theorem 15.3.1 1 It 
seems that triviality of these various cd is equivalent to, or at least implied by, the 
existence of stable vectors in V. This more general question will be pursued in 
subsequent work. 

Lemma 9.2.2{ii) [Spr981 
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5. Application: “Simple Supercuspidals” 

5.1. Additional notation. Let C> c AT be the valuation ring. Fix, once and for all, 

dcf 

a uniformizer tt e O and denote by fc = O/in) the residue field. 

Since G is assumed AT-split, the origin of the apartment for Tad is hyperspecial 
and the connected parahoric O-group G attached by Bruhat-Tits to this origin (a 
Chevalley group scheme) has a good special fiber: 

d©f 

The affine algebraic k-group G = G k is connected 
and reductive (cf § 1.10.2 and §3.S. 1 o nTit79l ). 

The C>-model G contains an O-model T of the torus T, its image T in G is a split 
maximal fc-torus, and the root system of G relative to T may be identified with 
(cf. §3.5 and §3.5.1 of (11791 1. 

Further references and details for the following material can be found in |Ros15a| . 

Let K : G{K) ^ O be the Kottwitz homomorphism. Let Kad : Gad(Ar) ^ Fiad be 
the Kottwitz homomorphism for Gad, and recall that Fiad is always a finite abelian 
group. There is a canonical homomorphism FI Fiad which is compatible, via k 
and Kad, with the quotient map G{K) Gad (AT) in the obvious way. The image of 
w in riad is denoted Wad- 

Set Gi = ker(K) and let G^ be the kernel of the composition G{K) FI 
H/ritor, so that Gi c GT It happens that Ac = Gi n T{K). Also set Zc = 
Gi n Z[G){K), and note that Zc may be disconnected. Denote by X c G{K) the 

d©f 

Iwahori subgroup associated to the alcove 2t, i.e. X = Gi n {g g G{K) \ g ■ x = 
X for all X G 21}. Let G c X be the pro-unipotent radical. Set Ti = T{K) n U. 

Since Tc c Gi, the restriction of k to Ng{T){K) descends to a group homomor¬ 
phism W ^ FI. It is a fact that the restriction of this group homomorphism to FI is 
an isomorphism onto Ft. A useful corollary is that, after identifying FI with FI in this 
way, the restriction X|n of any section F of the canonical map Ng{T){K) FF is 
a section of n. 

5.2. Generalities on affine generic characters. 

For more details of the material in this subsection, see IGRIOl and |RY1 4) . 

For any point in the Bruhat-Tits building, which is taken to be b here, there is a 
Moy-Prasad Filtration Jo d Ji D J2 x ■ • •. I omit many details of this filtration, but 
record that 

• Jo is the Iwahori subgroup X. 

• Ji is the pro-unipotent radical U of X. 

• Jo/Ji is the fc-points of a connected affine algebraic A:-group. 

• V[, = J1/J2 is a finite-dimensional fc-vector space and, via conjugation, 
admits an algebraic representation by the above /c-group. 

Conjugation of U by Tc induces a diagonalizable representation of V[,, and 

V, = 0V,(a) 

aeA 

where t gTc acts on the l-dimensional subspace Vt,(a) by a{t). 

Let 
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be a stable fc-linear functional, in the sense of (RY141 . Since b is the barycenter of 
an alcove, this notion reduces essentially to the notion of “affine generic character” 
of fGRT^ : 

For each a e A, the restriction of \ to the iine Vt,(a) is non-zero. 

Notation. Gt, = {g e G{K) \ g • b = b} 

Consider A also to be a group homomorphism U ^ k by pullback. If g e Gt, 
then conjugation by g induces an operator on Vi,, still denoted by v ^ g -v ■ g~^. 

Definition, g ■ X '\s the fc-linear functional v i-i- X{g ■ v ■ g~^) and 

FixG,(A)'A'{geGfa I 5-A = A} 

Note that Z(G){K) c FixG6(A). Here is an easy description of Gt, which is 
surely well-known and will be used later (for Proposition 15.5.1 1 : 

Lemma 5.2.1 . if f : Ft ^ G{K) is an arbitrary section of k then Gt, = f{Fl) ■ I. 

Recall from ^5.1 I that one may identify Ft ^4 FI and that if F is any section of 
the canonical map Ng{T){K) W then F\n is identified with a section of n. 

Proof Since k : G/Gi Ft and / is a section of k, f{Fl) is a system of repre¬ 
sentatives for all Gi-cosets. Thus, for any g e Gt,, there exists w e Ft and x e Gi 
such that g = f{oj) ■ X. Since /(w) e Gt,, x e Gt, also. Together, x e GiCi Gt,. It is 
a fact that I = Gi n Gt, and so Gt, c f{Ft) ■ X. The reverse inclusion is trivial. □ 

5.3. Non-trivial elements in the fixer: adjoint case. 

Notation. Gss = G/Z(G)°, the “semisimplification” of G. 

Theorem 5.3.1 . if Gss is adjoin^ then there exists a section S of the canonicai 
map Ng(T){K) W such thatS{Fl) c FixG„(A). 

Proof Fix arbitrary w e Fi and set a ■— pro(w). Arbitrarily order the weight basis 
for Vt,, express A as a fc-matri>0 relative to this basis, and let Ao, Ai,..., A^ e O 
be representatives for the entries of this matrix. By convention, Aq is the multiplier 
for the line Vt,(-? 7 ), and it will be convenient to set ao := -g. The assumption that 
A is an affine generic character means that Ao, Ai,..., A^ e 

Let n e Ng{T){K) be an arbitrary representative of w. By embedding A*(r) ^ 
T{K) via g giTT)~^, there are no e Ng{T){K) representing a and t e such 
that the fth entry of n • A is represented by X^(^i) • c(no,ai) ■ aiir), where “cr(f)” is 
shorthand for “the j such that a(ai) = aj”. On the other hand, if < e T{K) then the 
ith entry of t • A is ai{t) ■ Xi. Thus, it suffices to show that there \st £Tc such that 

(4) Ao ■ ao{t) = A,^(o) • c(no, ao) 

Ai • ai{t) = Ao-(i) • c(no, ai) 


Xe ■ o!e{t) = Acr(^) • c{no,ae) 

^^Note that this is equivaient to the hypothesis that Z{G) is connected. 

^^Non-canonicai identifications Vi,(o) = k, which are aiways of the form = k, are to be 

made using the fixed uniformizer n. 









20 


SEAN ROSTAMI 


because then n may be replaced by n ■ to yield another representative of 

the same w with the desired behavior. Strictly speaking, it is required only that @) 
is true after passing to k. 

Observe first that this seemingly overdetermined system g) has a redundancy. 
The product of all equations in the system gj, each with multiplicity mi, yields 
Ill A™* • • cd(o’) where D is the Highest Root Relation. By 

Lemma l33^ this reduces to = coirr). Since -oq = miaiH- 

this reduces to 1 = c_d((t). Thus, to show that the equation Aq • ao{t) = \a{o) • 
c{no,ao) is implied by the other equations, it suffices to show that 1 = coicr) is 
true, which is Proposition 14.0.61 

So, the claim reduces to the following: there exists t € Tc such that ai{t) = 
-Kq) ■c(no,ai) for all i = 1,... By passing to the semisimplification Gss and 
using surjectivity of T TjZ[G)° on fc-points (Lang’s Theorem), I may assume 
that G = Gss, which is adjoint by hypothesis. In this case, Hom((5, is 
surjective due to Q = X*{T), which means that such t exists. □ 

Porism: Note that, in the proof of Theorem [5.3.11 the solution t € Tc = T{0) 
has a unique image t e T(fc) = T(fc). 

Remark. One case of Theorem 15.3.1 1 and the refinements in ^5.51 below, was 
established in |KL15| for G = GL. 

5.4. Non-trivial elements in the fixer: non-adjoint case. In order to describe 
what happens when Gss is non-adjoint, it is convenient to introduce a cohomologi- 
cal tool to decide when a solution lifts from Gad to Gss- 

Notation. Recall that k is perfect and, for any fc-group H, denote by H^ik, H) the 
first Galois Cohomology H^{Gal(k/k),H(k)). 

Let T be a split fc-torus and fix n g N. If x G X*(T) then, by pushforward, x 
defines a group homomorphism 

dx : T(fc) ^ 

By the Kummer IsomorphisrrQ 

7Ti(fc,/xJ-fcx/(fcX)" 

and so X defines a group homomorphism 

(5) X*(T) ^Hom(T(fc),iyi(fc,/x„)) 

Lemma 5 . 4.1 . Map 0 ) is surjective. 

Proof Let i? be a commutative fc-algebra and T an abelian group. As usual, 
T{R) ^ X*(T)( 8 )z-Rx and soHom(T(i?),r) ^ Hom(X*(T)®z-Rx,r). Assume 
further that T is a quotient of with a given quotient map i?x r. If x G X*(T) 
then, by duality, x defines a group homomorphism X*(T) R^ T. 

Hence, there is agroup homomorphism 6 : X*(T) -)■ Hom(X*(T)( 8 )z-Rx^r). Now, 
assume further that R^ is finite and cyclic, say R^ = Tj/NTa, in which case T is 
also, say T = ZIMZ with M\N (abbreviate these to Zat and Zm)- I claim now that 


^'^Despite the fact that this is usually accompanied by the assumption that gcd(char(fc), m) = 1 , 
it is true here without this assumption since k is perfect. Presumably, that assumption is imposed to 
guarantee surjectivity on points valued in the separable closure. 
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Hom(X*(T) (8)z is simply X*(T) (giz T and that the map 6 is the canonical 

map. This follows from some standard hom/tensor identities: 

Homz(X*(T) (gz Zat, Zm)—H omzjv(X*(T) gz Z^v, Zm) 

^Homz(X4T),ZM) 

= Homz(X*(T), Z) gz Zm 
^X*(T) gz Zm 

Thi^3 shows that, with the assumptions on R,T made earlier, the composite 
X*(T) Hom(T(i?),r) is surjective. To conclude the proof, choose R ■— k, 
choose r := note that i?,r satisfy the needed assumptions since fc is a 

finite field, and note that the composite is clearly the map x n- above. □ 

Corollary 5.4.2 (Connecting Map is a Character). Let G be a split connected 
(almost-)simple affine algebraic k-group. Set Gad = G/^(G) and assume that 
Z{G) = /T„ for some n G N. Let d : Gad(fc) be the connecting 

map from the long-exact-sequence associated fo 1 ^ G Gad 1- 

Assertion: //"Tad c Gad is a split maximal torus then the restriction of d to Tad(fc) 
is an algebraic character, hence a Z-linear combination of simple roots. 

Proof This follows immediately from Lemma (5.4.1 1 noting for the last conclusion 
that X*(Tad) is spanned by simple roots since Gad is adjoint. □ 

Example 5.4.3. Let F be any perfect field and let G be the F-group GL3, so Gad = 
PGL3. Let T c GL3 be the diagonal torus and Tad c PGL3 its image. Let ei, £2, £3 : 
T Gm be the obvious generators for X*{T), so that A = {a, ( 3 } for a = £1 - £2 
and /3 = £2 - £3. Intrinsically, the connecting map d ; PGL3(T) F^/{F^)^ 
coming from 1 -5> /Xg -5> SL3 PGL3 -g 1 is induced by the determinant det : 
GL3(T) -5> F^. Therefore, if f G T(T) then det(i) = ei(t) ■ €2(1) ■ esft) = a(t)-l 3 (t)^ ■ 
€3(1)^ and so, since values of d are modulo (T^)^, this means that = 0 + 2/3. 

Now, suppose Gss is (possibly) non-adjoint and let Tss c Gss be the image of 
T, a split maximal torus in Gss. Necessarily Z{Gss) is cyclic, since is irreducible. 
Apply Theorem [5.3.1 I to Gad and get a solution tad G Tad(fc) to system ©. By the 
uniqueness of this solution as a fc-point, there is a solution t g Tss(fc) to system 
© if and only if 9(tad) = 0, where d is the connecting map in the long-exact- 
sequence associated to 1 ^ .^(Gss) Gss Gad ^1- By system 1(4) itself, 
ai(tad) is a function of A and w for all i. By Corollary[5A2] this means that i9(tad) G 
H^{k, Z{Gss)) is also a function of A and uj. 

Definition. Define 9[A, w] g H^{k, Z(Gss)) to be the class determined by the solu¬ 
tion fad G Tad(fc) to system g). 

Remark. The definition of 9[A, uj] depends critically on the fact that A is stable. 

The following is clear from the discussion preceding the Definition of (9[A,a;], 
and is recorded here for completeness: 

Proposition 5.4.4 (Cohomological Obstruction). Assume that Z(Gss) is cyclic. Fix 
w G G. Assertion: There exists a representative n g Nc{T){K) of uj for which 
n - X = \ if and only ifd[X, cu] = 0. 

^^Since Zm is not a flat Z-module, the third isomorphism requires the fact that X,(T) is free. 
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Note that if G is not within the scope of Theorem [53j] i-S. if Gss is non-adjoint, 
then G is necessariiy within the scope of Proposition 15.4.41 

Since the image of fiad is triviai when Gss is simpiy-connected, the con- 
ciusion of Theorem 15.3.1 1 is vacuousiy true. If Gss is adjoint then ^ riad is 
surjective, i.e. 17 is “maximai”, but Theorem [5.3.1 1 appiies. There are not many 
groups remaining: if G is as in jJHand Gss is neither simpiy-connected nor adjoint 
then Gss = SL„ for some m\n or Gss is type D and Z{Gss) = At 2 - 

I begin treatment of each of these cases: 

Proposition 5.4.5 (Theorem 15.3.1 I for non-adjoint Type A). If Gss is type A then 
the conclusion of Theorem \5.3. h is true. 

Proof By the proof of Theorem r5.3.1 1 I may assume that G = Gss- By Proposition 
15.4.41 it suffices to show that 9[A,a;] = 0 for aii w e 17. Necessariiy Gad = PGL„ 
and there are TO,d e N with n ^ md such that G = SL„//x^ and Z{G) = 
Thus, there is a short-exact-sequence 1 ^ G ^ PGL„ 1. Let T and Tad 

be the fc-spiit maximai diagonai tori in the obvious fc-anaiogues of G and PGL„. 
In the long-exact-sequence associated to 1 T ^ Tad 1, there is 

the exact subsequence T(fc) ^ Tad(fc) H^{k,p^). After using the Kummer 
Isomorphism, d is induced by the determinant det^. Thus, similar to Example 
15.4.31 above, it is clear that detfe(i) = ai{t) ■ a 2 {tY ■ ■ ■ ai{tY in /{k^Y foi" ^ny 
t e Tad(fc)- Now, fix w e 17, let the notation be as in Theorem [533] and let 7ad e 
Tad(fc) be the solution to system ||4) constructed in Theorem [5.3.1 I for PGL„. As 
explained by the discussion preceding Proposition 15.4.41 9[A,w] = 9(iad) rnay be 
computed directly from the system (g) that 7ad solves: it is the image in k^/{k^Y 
of L • L' • G for L = Aj-^ • (A^^)^ • • • (A^^)^ and L' = A„(i) • (A^(2))^ • • • {K^Y, and 
G = c(no,ai) • c{no,a 2 Y ■ ■ ■c{no,aiY. Thus, the claim is simply that the image 
of L • L' • G in is a dth power. I now adopt the notation of Plate I (Bou02l . 
I may assume that w e 17 = Z/mZ is the generator such that the permutation 
of A by tr pro(w) is at i-> a^+d (the subscripts are to be interpreted modulo 
n). It is then immediate that L • L' is a dth-power since, noting that ct(0) = d 
and a{n - d) = 0, it is the product of (X^^Y ^nd (Ao)"”'' = ((Ao)™“^)‘^ with 
• (.i^<T{e)Y = for all 6 such that cr(e) Y 0 (i.e. all e n - d). I 

may also assume that the realization of $ in G is a Chevalley Realization, in which 
case G = c(no, an-dY~‘^ = as desired. □ 

Among the only remaining family, type D, which contains groups that are not 
adjoint and not simply-connected, the following treats the easier situation: 

Proposition 5.4.6 (Theorem [533]for non-adjoint Type D, case 1). If Gss = SO{2£) 
then the conclusion of Theorem \5.3.1\ is true. 

Proof Let $ be type D. Follow Plate IV l;Bou02l . so that rank($) = £ and the 
“ambient” basis is ei,... ,ee and A = {ai,..., ae} where at = et - e^+i for i = 
!,...,£-! and ae = -|- ee. It happens that the fundamental weight uji from 

Plate IV (VI) I Bo u 02 1 is wi = ei. Define X to be the subgroup of the weight lattice 
generated by $ and uji = ei, which is clearly span2;(ei, ..., ei). The group G with 
algebraic fundamental group X/Q is 80(2.^) and if w e 17 = Z/2Z is the non-trivial 
element then a = pro(a;) has disjoint cycle decomposition (-??, ai){ae-i,ae) as a 
permutation of A. Set no = A/'o(cr). I may assume that the realization of $ in G is 
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a Chevalley Realization, in which case system © is 


ai{t) = A;i ^ • Ao • c(no, ai) 
aj(t) = 1 for all 2 < j < £ - 2 


cr£-i(t) = • 1 

= A^ ^ • Xt-i ■ 1 


The cocharacter lattice is X'^ = spanzieY,... ,ef) and so the values ei{t) 
may be chosen freely for t e T{K). Thus, a solution t is created by choosing 

eg{t) = ■ Xe-i, ee-i{t) = ■■■ = e 2 {t) = 1, and ei{t) = A^^ • Aq • c(no, ai). □ 

Finally, the following treats the only remaining class of G for which Gss is not 
adjoint and not simply-connected: 

Proposition_5.4.7 (Theorem [533]for non-adjoint Type D, case 2). IfG^s is a “Half- 
Spin Group^ then the conclusion of Theorem [5.3. 1\ is true. 

Proof Let $ be type D with rank £ e 2Z, say £ = 2L. By Proposition I5.4.6I I may 
assume that £ > 4 . Follow Plate IV |Bou02] , so that the “ambient” basis is ei,..., eg 
and A = {ai,..., a^-i, a^}, where ai = ei- ei+i for 1 < i < £ and ag = eg-i eg. 

Set ojg = -he^), a fundamental weight, and define X be the subgroup of 

the weight lattice generated by $ and ujg. Let G be the group corresponding to X, 
i.e. the quotient of Spin(2£) with whose algebraic fundamental group is X/Q. By 
construction, Z(G) = P 2 G is not isomorphic to SO(2£), i.e. G is a “half-spin 
group”. 

First, determine a nice basis for X. The identities ai 2a2 ^ -h - l)a^-i = 

2ujg - leg and L{ai - ag-i) = leg together imply that ai G span2;(a;^, a2 ,..., ag). 
This means that ujg, a2 ,..., is a basis for the character lattice X. Let /3i,..., pg 
be the basis dual to ujg,a 2 ,.. .,ag,so that {ai,l3i) = 1 = {ujg,/3i) for all f = 2 ,... ,£ 
and all other pairings are 0. This is a basis for the cocharacter lattice X'^. It can 
be computed that, in e-coordinates. 


^i = (2,0,...,0) 

/3, = (-J + 1,1 ,..., 1 , 0 ,..., 0 ) for all 2 < j < £ - 2 




£-11 11 
2 ’ 2 ’'"’ 2’2 


For 2 < j <1-2, the ei-coefficient of Pj is 0 if and only if i > j. 

Let w G ~ Z/2Z be the non-trivial element and set a = pro(a;). How a per¬ 
mutes A depends on the parity of L, but ignore this for now. For each i = 0,1,..., £ 
denote by (j{i) the j such that cT{ai) = aj. Set no := A/’o(cr), the canonical repre¬ 
sentative. I may assume that the realization of $ in G is a Chevalley Realization. 

The split maximal torus T c G is recovered by X'^ (8>z ^ T{K) and 

arbitrary t g T{K) is represented by £ = /3i(£i) • ■ • I3g{tg) for arbitrary U G . By 
definition of the dual basis, ai{t) = U tor i ^ 1 and so all equations in system ® 

^®The main challenge here is to avoid learning what a Half-Spin Group really is... 
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are solvable except possibly the first. Since ai(t) = and (ai,/3i) = 2, 

that first equation Is 

t 

(6) t\ • = ai{t) = ■ A^(i) • c{no,ai) 

i=2 

Since 

• system (g) prescribes the value tj = a^it) = X~^ ■ A^tQ) • c{no,aj) for all 
j > 1- 

• c{no,aj) = 1 for all 2 < j < £ - 2 due to the fact that cr(aj) = ae-j e A for 
all 2 < j < - 2 regardless of w by Plate IV (XII) [Bou02| . and 

• {ai,l3j) = -j for all 2 < j < £ - 2, 

I conclude further that is a square for all 2 < j < £ - 2. Thus, 

equation © can be replaced by 

V / ' cfrzo, Oil j 

Since 

• (ai,^f_i) = -(£-2)/2 = -L + l, 

• {ai,i3e) = -£/2 = -L, and 

• c{no,ai) = 1 due to the fact that cr(Q;i) e A regardless of w, 
equation 0 reduces to 

(8) tf ■ (A7_\ • Xa{i-1) • c(no,a^-i))"-^+^ • (A^^ • ■ c{no,ai))~^ = X^^ ■ A„(i) 

To fully understand ([8), it is necessary finally to know how a permutes A, and 
this depends on the parity of L. If L e 2Z then it is clear that the fundamen¬ 
tal coweight w/ = in e'^-coordinates, is a Z-combination of /3i and 

Pi, i.e. w/ e X'^. If L ^ 2Z then it is clear that = { X ,,,, is a Z- 

combination of /3i and Pi-i, i.e. a;/_^ G By Plate IV (XII) lBou02l , this means 
that if L G 2Z then the permutation of A by cr has the disjoint cycle decomposition 
(-ry, ai){ai,ae-i) • • • {aj,ae-j) ■ ■ ■, and if L ^ 2Z then the permutation of A by cr 
has the disjoint cycle decomposition (- 77 , ae-i){ai,ae) ■ ■ ■ {aj,ai-j) ■■■. 

Thus, if L G 2Z then the equation that must be solved is 

tf=Xi ^ ■ Xi-i ■ {X^^ ■ Ai)'^“^ • (A^ ^ • Ao • c{no,ai))^ 

=(A7_\ • Ai)^“^ • (A7^ • Ao • c{no,ai))^ 

while if L ^ 2Z then the equation that must be solved is 

■ (V-\ ■ ^0 • c{no, ■ {XJ^ ■ Ai)^ 

=(A7_\ ■ Ao • c(no, ■ (A^^ • Ai • c(no, 

In each case, the right-hand-side is a square, which shows that a solution t g T{K) 
to system g) exists. □ 

For completeness, I formally update the Theorem to include these cases: 

Theorem 5.4.8 (Update of Theorem I5.3.1> . With no assumptions on G beyond 
those from gj there exists a sections of the canonicai map NGiT){K) W such 
thatS{fl,) c FixGs,(A). 
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5.5. Some last refinements. In this subsection, the materiai from g5.3l and 
is combined to give an expiicit presentation of FixGt(A). 

Proposition 5.5.1 . Fixe, (A) = S(fl) ■ Z^-U. 

Recaii from ^5.1l that Q is an O-modei of G and G = Q ®ok. 

Proof. As remarked previousiy, it is ciear that Zc,U c FixGi,(A), and S{Vl) c 
FixGi,(A) by definition of S. Thus, FixG;,(A) d 5(0) ■ Zc-U. For the reverse 
inciusion, iet g e FixG(,(A) be arbitrary. By Lemma (5)01 there are w G O and 
X G I such that g = S{u}) ■ X. By the Iwahori Factorization for I, there is t G Tc 
and u gU (since U and I contain the same root subgroups) such that x = t ■ u. 
Aitogether g = S{uj) ■ t ■ u and it suffices to show oniy that t g Zc-U. Note that 
f G Tc n FixG(,(A), since it is known aiready that S{Vi),U c FIxgJA). Recaii the 
weight decomposition V(, = ©aeA Since “affine generic character” means 

that A is non-zero on each iine Vb(a), the fact that t gTcC\ FixGi,(A) impiies that 
a{t) = 1 mod TT for aii a G A. Thus, if < G Gik) denotes the image of i g Tc = T(0) 
then t G Z{G){k). Since Z{Q) is a spiit diagonaiizabie group, Hensei’s Lemm^^ 
impiies that Z{Q)(p) Z{Q){k) = Z{G){k) is surjective. Since the congruence 

subgroup ker(^(0) G(fc)) is contained in, say, U, this means that there are 
z G Z{Q){0) and u gU such that t = z ■ u. Since c Gi, this impiies that 
z G Zc so the ciaim foiiows and therefore FixG;, (A) <g S{Vl) ■ Zc-U. □ 

By Proposition 2.4(1) IRY141 , FixGi,(A) is an inducing subgroup for the simpie 
supercuspidais constructed from A, so it is important to know that it is open and 
compact-mod-center. Any subgroup J c G{K) that is both open and compact- 
mod-center necessariiy contains a compact open subgroup J = J nG^ which 
is ‘largest” in the sense that it contains aii other compact subgroups of J. For 
FixGi,(A), this iargest compact subgroup can be presented succinctiy in terms of 
the factorization from Proposition 15.5.1 l above: 

Corollary 5.5.2. FixG(,(A) is open and compact-mod-center and if J c FIxgJA) 
denotes the iargest compact open subgroup then J = 5(fltor) - Zc-U, where 
ritor c n is the torsion subgroup. 

Proof Let H be the subgroup Z{G){K) -U c FixG(,(A), which is obviousiy open 
and compact-mod-center. Set n := #riad- Since 5(a;)" g T{K) for aii w g SI and 
since Z{G){K) • Gi is a finite-index normai subgroup of G{K), there is A > 0 such 
that S{uj)^ G T(K) n {Z{G){K) ■ Gi) for aii uj G Vt. It follows immediately that 

g Z{G){K) ■ Tc for all lu G fl. Since fl is finitely-generated and abelian, 
since S is homomorphic modulo Tc, since Tc/Ti is finite, and since Ti c H, the 
previous fact implies that TT is a finite-index subgroup and therefore that FIxgJA) 
is also open and compact-mod-center. 

Let g G J be arbitrary. By Proposition 15.5.1 1 there are uj G ft, z G Zc, u G U 
such that g = S{uj) - z - u, and the claim is that oj g STtor- Since Zc-U is certainly 
a compact open subgroup, Zc-U a J. This implies that 5(a;)" g J for all n g 
N. The cosets of J modulo Zc ■ U constitute an open cover, so compactness of 
J (and the Pigeonhole Principle) implies that 5(a;)^ G Zc-U for some A > 0. 
Since both Zc,U c Gi, it is true that S{uj)^ g Gi. Also, 5(a;) G Gf,. Together, 

function /x„(C>) ->■ is surjective without any restriction on n (use injectivity of Frobe- 
nius on k and Hensei’s Lemma). 
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S{uj)^ e Ng{T){K) n Gi n Gf,. Since Ng{T){K) n Gi n G[, = Tc, this means that 
S{uj^) represents In and so = In- This estabiishes J c 5(ritor) ■ Zc-U. For 
the reverse inciusiorQ, it suffices to show that S{uj) e J for aii w g Fitor- If n = |tLi| 
then, since 5 is a section of the canonicai map, 5(w)" g Tc- Since Tc c Gi c G^ 
and J = FixGi,(A) n G\ it foiiows that 5(w)" g J. It is obvious that the set 5(S1) 
normaiizes J, since S{^) c FixG(,(A) and J is the unique maximai compact open 
subgroup of Fixci, (A). Together, this impiies that the generated subgroup (5(w), J) 
is stiii compact and therefore (5(w), J) c J. Thus, 5(a;) g J, as desired. □ 
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^®The inclusion J d S{UtoT)-Zc-U does not seem to be automatic from the definition of J because, 
while the product is obviously compact and open, it is a priori not clear that it is a subgroup. 






